In recent years, the study of chaotic and complex phenomena in electronic circuits has been widely developed due to the increasing number of applications. In these studies, associated with the use of chaotic sequences, chaos is required to be robust (not occurring only in a set of zero measure and persistent to perturbations of the system). These properties are not easy to be proved, and numerical simulations are often used. In this work, we consider a simple electronic switching circuit, proposed as chaos generator. The object of our study is to determine the ranges of the parameters at which the dynamics are chaotic, rigorously proving that chaos is robust. This is obtained showing that the model can be studied via a two-dimensional piecewise smooth map in triangular form and associated with a one-dimensional piecewise linear map. The bifurcations in the parameter space are determined analytically. These are the border collision bifurcation curves, the degenerate flip bifurcations, which only are allowed to occur to destabilize the stable cycles, and the homoclinic bifurcations occurring in cyclical chaotic regions leading to chaos in 1-piece.
The study of chaotic systems, either to control or to be used in chaotic regimes, is nowadays of wide interest. These studies are often associated with the analysis of switching systems, leading to piecewise smooth models, either in continuous or in discrete time. An important result, often difficult to get, is the analysis of the regimes in which stable dynamics or chaotic dynamics occur. Sometimes, the results are based on numerical evidence, which, however, may be not reliable. In the present work, we propose a switching circuit as chaos generator. This system is both simple to construct and chaotic. We can give a rigorous proof of the chaotic behavior, which occurs in wide regions and is robust: it occurs in a set of positive measure and is persistent under parameter variations. A peculiarity of the proposed system is that, due to an intrinsic symmetry, it can be either studied via a one-dimensional (1D) skew-tent map or via a two-dimensional piecewise smooth map in triangular form, which has a driving function also strictly related with a onedimensional skew-tent map. This allows us to prove our results, showing that the flip bifurcations of cycles are all degenerated, which means that the flip bifurcations are not leading to a cycle of double period close to the bifurcating one. We prove that the appearance/disappearance of k-cycles is due to border collision bifurcations. All the bifurcations are analytically detected, leading to a complete description of the periodicity regions in the parameters space, as well as of the regions associated with robust chaotic sets.
I. INTRODUCTION
In the last two decades, a wide interest in the studies of chaotic and complex phenomena in electronic circuits and systems has been observed. These studies are associated with the increasing number of applications that successfully utilize chaotic sequences. Chaos generators are used in several context: secure communications, noise radar and sonar, signal processing, industrial electronics, as well as for other purposes (see Refs. 1-5, to cite a few). Otherwise, vice versa studies are performed in order to avoid chaotic regimes (as in chaos control theory [6] [7] [8] ). In both cases, the object is the knowledge of the parameter regions in which chaos occurs.
Moreover, in the case of chaos generators, it is also important that the generator is easy and simple to construct and to be sure that the regime is really chaotic, occurring in a wide set not due to a numerical effect, and such that a small perturbation cannot lead to the disappearance of the chaotic sequence. This motivates the present work in the study of new chaotic systems. The model here proposed satisfies both the objectives. It is obtained via a simple switching circuit, and we fully describe the dynamic behaviors, showing precisely the regions with attracting periodic orbits, as well as the wide regions of robust chaos (i.e., persistent, or structurally stable, and occurring in a set of positive measure, see also Ref. 9) .
The use of a switching system is quite common nowadays. In fact, several applied models are described by switching system, due to their applicability in a large number of practical systems, not only in electronics. Many examples are shown in the survey books. [10] [11] [12] These systems are described by piecewise smooth functions, either in continuous or in discrete time, and the study of their dynamics leads to a new kind of bifurcations, due to the switching manifolds.
That is, besides the bifurcations occurring in smooth systems, the new element introduced by the piecewise definition leads to the so-called border collision bifurcations (BCB for short). This term is now widely used since its introduction in Refs. 13 and 14 in discrete systems, to which we are interested in. A border collision of an attracting set occurs whenever the invariant set collides with the border, as crossing the border the system changes definition. It has been shown that such bifurcations can lead to atypical transitions; for example, a fixed point can directly bifurcate into a periodic orbit of any period or cyclical chaotic intervals of any period. Many examples have been studied in the last years. In a piecewise linear one-dimensional system, the direct transition of a stable fixed point to a cycle of any period or to chaos has been shown, for example, in Refs. [15] [16] [17] , and similar bifurcations in one-dimensional piecewise smooth systems are shown in Refs. 18 and 19. In two-dimensional systems, the spectrum of dynamic occurrences is much wider, and the subject is still to be completely studied. A two-dimensional map in canonical form is investigated in Refs. 13 and 20-22 and the transitions to torus or mode locking regimes in Refs. 23-25. However, the results in piecewise smooth systems are only a few, and each system to be investigated may lead to new bifurcation phenomena. This is not the case in our piecewise smooth system. In fact, in this paper, we shall propose a quite simple circuit (similar to those proposed in Refs. 26 and 27), which is ultimately described by a piecewise smooth two-dimensional map. A particular case of the circuit, in which the system becomes piecewise linear, has been already studied in Ref. 28 . Now we consider another simplified case of the general model, which leads to a piecewise smooth map, which is described in Sec. II. In this study, we give a complete characterization of the possible dynamics, and the analysis here performed may be of help in other similar models.
The model here considered can be analytically investigated due to the structure of the so-called triangular form of the system. The systems of this kind, although twodimensional, keep many properties as those of the onedimensional ones. [29] [30] [31] Moreover, the driving function is one-dimensional and piecewise linear so that the complete analysis of our system can be performed making use of the results of the skew-tent map, already well studied since many years. 14, 15, 32 We shall recall these results in Appendix A, because they are used to find the analytic expressions of the bifurcations curves occurring in our twodimensional piecewise smooth system. In Appendix B, we also recall some properties of a two-dimensional system in triangular form, which are used and improved, in our specific case.
The rest of the paper is as follows. In Sec. II, we illustrate the circuit, which is ultimately described by a twodimensional model that maps the unit square into itself and defined via three different continuous functions. We shall consider the model under a specific assumption, whose generic properties are described in Sec. II A, and the new results are presented in Secs. III and IV. In Sec. III, we show that the analysis of the bifurcations occurring in the piecewise smooth map can be performed either reducing the system to a one-dimensional skew-tent map f or to a twodimensional piecewise smooth system in triangular form, in which the one-dimensional function is topologically conjugate to the same skew-tent map f. This allows us to prove all the main results of the piecewise smooth system. In Sec. IV, we show that all the stable cycles that the system can have undergo a degenerate flip bifurcation, 36 which also can be analytically detected. This means that a stable cycle of double period is not created close to the bifurcation cycle. We shall see that apart from the fixed point, any other stable k-cycle, for any k ! 2; bifurcates directly to cyclical chaotic sets. The ranges in the parameter space at which the dynamics are chaotic are analytically determined, via the homoclinic bifurcations leading to chaotic sets in one piece. That is, we prove rigorously that the attracting chaotic set of positive measure is robust and in which regions it occurs. Section V concludes.
II. DESCRIPTION OF THE CIRCUIT
As already remarked in Sec. I, chaotic signals are very useful in many applications, specially in communications, and there are many implementations of chaos generators in the literature. Some of them operate in continuous time such as systems based on the Chua's circuit (analog circuit), while others are discrete time systems that iterate a chaotic map.
The model here proposed as chaos generator is a quite simple circuit, very similar to those discussed in Refs. 26 and 27. The main difference is in the use of two coupled state variables, leading to a two-dimensional map.
The proposed circuit is shown in Fig. 1 and consists of an R-S flip-flop, which permits to change the position of two switches simultaneously. Depending on the position "1" or "0" of the switches, two capacitor-resistance circuits C x -R x and C y -R y are supplied with dc voltage sources V x and V y , respectively, or connected to the ground. State variables of the system are the two voltages across the capacitors v x (t) and v y (t). At every clock period T, the flip-flop is set and then the switches position is "1. toward their position "0." So, according to the switches position, the two capacitors are simultaneously charging or discharging.
At the nth rising edge of the clock, the two state variables are given by v x (nT) and v y (nT), and the capacitors start charging. Then, it requires the duration t 
The normalized parameters of the model are defined as
The normalized state variables are given by
The following switching curves in Q ¼ ½0; 1 Â ½0; 1:
assuming x b ! 0 and y b ! 0; which occurs for
define three different domains in Q (see Fig. 2 ): 
in which the system is defined by different functions. In fact, the circuit is modeled by the continuous map ðx nþ1 ; y nþ1 Þ ¼ Mðx n ; y n Þ as follows:
if ðx n ; y n Þ 2 D 1 :
if ðx n ; y n Þ 2 D 3 :
It is easy to see that the map is well defined as it is continuous and maps the square Q (the phase space of interest) into itself. The analysis of the dynamics of this model as a function of the four parameters (a; q; d, and l) is not an easy task. The particular case, with l ¼ 1 fixed, as a function of (a; q, and d) has been studied in Ref. 25 . There it has been shown that map M becomes piecewise linear, and the bifurcations of the model and route to chaos could be well determined. 
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BCBs in a 2D PS map from a switching circuit Chaos 21, 023106 (2011) In this work, another special configuration of this circuit will be studied, the one in which V x ¼ V y , that means, q ¼ 1; so that the considered circuit, depending on the parameters (a; d, and l), is modeled by the following piecewise smooth map ðx nþ1 ; y nþ1 Þ ¼ Tðx n ; y n Þ:
These two cases (the one studied in Ref. 25 and the one here considered), which are simpler, constitute a first step toward the understanding of the dynamics of the general model, as a function of all four the parameters.
A. General properties
Although the map T under study is now piecewise smooth, we can prove the occurrence of bifurcation structures similar to those detected in Ref. 28 for the piecewise linear case. We shall see that, in the phase space Q, only two domains among the three cases are involved (either D 1 and D 2 or D 1 and D 3 ), leading to a simplified system whose bifurcation structure can be fully analyzed in the parameter space, while in the general model (9) , all the three domains can be involved leading to more complex regions in the parameter space.
The analysis of the bifurcations occurring in the piecewise smooth map T given above, depending on three parameters a, d, and l; can be performed in a few steps. In Sec. III, we shall describe that we can consider three different regimes, characterized by different values of the parameter l, that is, l ¼ 1; l > 1, and l < 1.
Fixing l ¼ 1, we shall see that the asymptotic dynamics of the two state variables (x n , y n ) are synchronized, that is, x n ¼ y n , and all the bifurcations [in the parameter plane (a, dÞ] are completely described by a one-dimensional map f topologically conjugate to the skew-tent map (recalled in Appendix A).
Then we shall show that the two cases l > 1 and 0 < l < 1 are topologically conjugate to one another. In Sec. IV, we shall consider the case l > 1, showing that the dynamics are confined to two regions only, D 1 and D 2 , and the functions involved, T 1 and T 2 , lead to a map that has a triangular structure (recalled in Appendix B). In fact, as we can see from their definition, the value of x nþ1 depends only on x n , and this will lead to a simplified system, whose bifurcations can also be determined via the same one-dimensional piecewise linear function f conjugate to the skew-tent map and can be completely determined (for any value of l) in the parameter plane (a, d).
We shall see that stable cycles of any period can exist, describing the related route to chaos. As the model is piecewise smooth, we could expect flip bifurcations of supercritical or subcritical type, in which cycles of double period exist close to the bifurcating cycles. Instead, these properties described above lead to the unexpected result that all the flip bifurcations of the existing stable k-cycles are degenerate. This means that at the flip bifurcation value, in any neighborhood of the bifurcating cycle, we can find a smooth arc with infinitely many cycles of double period and that, after the flip bifurcation, a stable cycle of double period does not exist close to the bifurcating one. Instead, for k ¼ 1, a stable 2-cycle appears far from the bifurcating fixed point (with periodic point in two different regions), while for any k > 1 after the flip bifurcation no stable 2k-cycles exist, instead the bifurcation leads directly to robust chaos in cyclical sets.
In general, for piecewise smooth maps, it is difficult to have the analytic expression of the bifurcations curves in the parameter plane leading to chaos, and also the chaotic regime is usually proved numerically, often via the Lyapunov exponents. Differently, the main results in this paper are that we can detect the analytical expression of all the bifurcations (both associated with the existence of stable cycles and associated with the transition to chaos in cyclical chaotic sets) and that we can rigorously prove that the chaotic regime is always purely chaotic and persistent under parameter variation. These results are possible due to the triangular structure of the map T under study in all the cases l ¼ 1, l > 1, and l < 1; coupled with the one-dimensional map f conjugate to the skew-tent map.
III. ANALYSIS OF THE DYNAMIC PROPERTIES OF T
In this section, we prove the dynamic properties remarked above, occurring in the circuit modeled by T given in Eqs. (10) and (8) . The model is described by a continuous piecewise smooth map depending on three parameters a, d, and l; under the constraints given in Eqs. (4) and (7) . Of the three functions involved in Eq. (10), it is immediate to see that T 1 is linear, and its fixed point, say X
aÞ, is outside the square Q (as a > 1), and thus it is a so-called virtual fixed point. Moreover, the eigenvalues of T 1 are both positive and less than 1, so the virtual fixed point is a stable node. This implies that initial conditions inside the region D 1 are mapped toward the virtual attractor and are forced to enter in a different region, either D 2 or D 3 , from which the iterated points are kept inside Q.
The fixed points of the system inside Q are given by the functions T 2 and T 3 , say X Ã 2 and X Ã 3 , respectively, and they never occur simultaneously. In fact, as we shall see below, for l > 1, the fixed point X Ã 2 exists in the proper region D 2 while X Ã 3 is virtual, and vice versa, for 0 < l < 1, the fixed point X Ã 3 exists in the proper region D 3 while X Ã 2 is virtual. Moreover, we shall see that this distinction in the existence of the fixed points also persists in the dynamics occurring in the phase space. When X Alternatively, when X Ã 3 exists, then the dynamics involve only the regions D 1 and D 3 (for l < 1Þ.
A two-dimensional bifurcation diagram as in Fig. 3 immediately illustrates a qualitative change in the dynamic structure. Figure 3 (a) shows a two-dimensional bifurcation diagram in the parameter plane ðl; dÞ obtained via numerical computations at a ¼ 1:01 fixed. Periodicity regions P k of attracting cycles of increasing period k are evidenced in different colors. We can see a difference between the region in l > 1 and that in l < 1. This different dynamic behavior in the two regimes l > 1 and that in l < 1 will be explained below in Proposition 2.
Let us first analyze what occurs at the separating value l ¼ 1: From the definition of the model, we can see that the value l ¼ 1 is particular, as the map from piecewise smooth becomes piecewise linear. Moreover, we can prove that both the state variables tend to synchronized states, as both tend to be equal, thus belonging to the diagonal D of the phase space Q. The restriction of the map to the diagonal D is a piecewise linear map topologically conjugate to the skewtent map. We prove the following result: Proposition 1: Let l ¼ 1: Then the dynamics of the model in the phase space Q converges to the diagonal, and the dynamics of x n ¼ y n are topologically conjugate to those of the skew-tent map
via the change of variable
The proof of Proposition 1 comes via the following steps.
(i)
The fixed point of the map is given by X
, which belongs to the diagonal. The switching set Dðx; yÞ ¼ 0 also belongs to the diagonal, so that the fixed point is on the boundary of the regions D 2 and D 3 .
(ii)
The regions below (respectively, above) the diagonal are invariant. In fact, the diagonal itself is invariant, being the eigenvector of the linear maps. While considering a point ðx; yÞ 2 D 1 below (respectively, above) the diagonal, it is mapped in a few iterations in the region D 2 (respectively, D 3 ). Now, considering a point ðx n ; y n Þ 2 D 2 ; thus below the diagonal, satisfying y n <x n , we get y nþ1 ¼ad ðaÀx n Þ=ðaÀ1ÞÞÀad ð þy n d<ad ððaÀx n Þ=ðaÀ1ÞÞÀad þx n d¼x nþ1 ; which is a point still below the diagonal. Similarly, if we consider ðx n ;y n Þ2D 3 , above the diagonal, then also ðx nþ1 ;y nþ1 Þ is above the diagonal. (iii)
The iterations of the map below the diagonal are such that x nþ1 À y nþ1 ð Þ¼d x n À y n ð Þ, both applying the map T 1 and the map T 2 , thus the asymptotic state, as n ! 1; belongs to the diagonal. Similarly, for points above the diagonal, they converge to the diagonal. (iv)
The asymptotic behavior of the map below the diagonal is given by the two functions T 1 and T 2 leading to
and with the change of variable X ¼ dðx À x b Þ ½ = ða À 1Þ ð1 À dÞ, the map in Eq. (11) is obtained. Similarly, the asymptotic behavior of the map above the diagonal is given by the two functions T 1 and T 3 leading to the same steps as above with x replaced by y, which ends the proof.
h The dynamic behaviors of the skew-tent map are well known, and the results associated with our model are useful not only in this particular case l ¼ 1 but also in Sec. IV, for the piecewise smooth model. So the dynamics of this map are reported in Appendix A for the parameter ranges of interest: 0 < a ¼ d < 1 and b ¼ Àd=ða À 1Þ < 0.
Given the benchmark case occurring at l ¼ 1, we shall see that it is enough to study one case only ðl > 1 or l < 1Þ. In fact, the following property holds:
Proposition 2: The two cases l > 1 and l < 1 are topologically conjugate.
The proof follows immediately via a change of variable, substituting ðx; y; d; lÞ with ðy; x; d 1=l ; 1=lÞ as T 1 ðx n ; y n ; d; lÞ ¼ T 1 ðy n ; x n ; d 1=l ; 1=lÞ;
T 2 ðx n ; y n ; d; lÞ ¼ T 3 ðy n ; x n ; d 1=l ; 1=lÞ;
which can be immediately verified. Due to the topological conjugation of the two different regimes, in the following, we can restrict our analysis to only one of them. In Sec. IV, we shall completely describe the dynamics in the regime l > 1:
In this section, we consider the parameter l > 1 showing that the dynamics of the piecewise smooth map T defined in three pieces are reduced to those of a piecewise smooth map T defined in two pieces, which is in triangular form, and we shall prove that the bifurcation structures are strictly related to those of a one-dimensional piecewise linear map. This will lead us to determine the analytic expression of the bifurcation curves associated with the stable cycles as well as those associated with the homoclinic bifurcations of repelling cycles leading to robust chaos, proving that the chaotic regime is always persistent as a function of the parameters. Thus, (10) . In (a), the colored regions P k denote the existence of stable k-cycles. The white region denotes chaos. In (b) are shown a few bifurcation curves described in Sec. IV. BCB k are border collision bifurcation curves for k-cycles, while DFB k denotes a degenerate flip bifurcation curve of a stable k-cycle.
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BCBs in a 2D PS map from a switching circuit Chaos 21, 023106 (2011) differently from what generally occurs in piecewise smooth models, we have a complete description in the parameter space of the values, which are associated with a stable (attracting) cycle or with chaos, whose structural stability is also proved. From the definition of T, we can see that, for l > 1, only two regions of the phase space Q are involved in the asymptotic dynamics. In fact, from the definition of the constraints, we have y b > x b , so that the point (x b ,y b ) is above the diagonal of Q, as well as the curve of equation Dðx; yÞ ¼ 0 bounding from above the region D 2 . The fixed point of the model is given by
while X Ã 3 is virtual. Any initial condition in the region D 3 will be mapped into D 1 [ D 2 in a finite number of iterations (as the points tend to the virtual fixed point X Ã 3 , which is either attracting or a saddle). Any initial condition ðx n ; y n Þ 2 D 1 under the map T 1 is attracted by a virtual fixed point X Ã 1 ¼ ða; aÞ belonging to the diagonal and will be mapped into D 2 in a finite number of steps. Points in D 2 are subject to the function T 2 , which is a triangular map with a linear function Fðx n Þ ¼ À d=ða À 1 ½ Þ x n þ ½ad ð = a À 1Þ in the autonomous state variable, while Gðx n ; y n Þ ¼ ða½ða À x n Þ ð = a À 1Þ 1=l À a þ y n Þd 1=l is a contraction in the y-direction. In Subsection IV A, we show that when X Ã 2 is locally stable, then it is also globally attracting in the phase space Q, and it becomes unstable via a degenerate flip bifurcation, which leads to an attracting 2-cycle having the two periodic points in the two different domains D 1 and D 2 .
Then in Subsection IV B, we prove that when the fixed point is unstable the dynamics of T, confined in the region D 1 [ D 2 ; are determined by a piecewise smooth map in triangular form, in which the independent variable x n is related with a one-dimensional piecewise linear map, which is the same function f determined in Eq. (11) . So, we can prove that all the cycles of f are also associated with cycles of the piecewise smooth map T (which is not a common occurrence in triangular maps). In our model, this is due to the particular form of the second function depending on (x n , y n ). This allows us to say that all the bifurcations of map T associated with the appearance=disappearance of a k-cycle are border collision bifurcations, denoted as BCB k , and that a stable cycle can become unstable only via a degenerate flip bifurcation, denoted as DFB k . Moreover, we can completely describe the structure of the chaotic sets. In fact, for any k ! 3; crossing the curve BCB k , a pair of cycles exists, q k and q 0 k ; q k may be stable and q 0 k is unstable. Then, decreasing a;
the stable k-cycle q k becomes unstable crossing the curve DFB k , leading to 2k-cyclical chaotic sets; (ii) the 2k-cyclical chaotic sets become k-cyclical chaotic sets at the first homoclinic bifurcation of q k (which occurs crossing the bifurcation curve H k );
(iii) the k-cyclical chaotic intervals turn into one-piece chaotic intervals at the first homoclinic bifurcation of q 0 k (which occurs crossing the bifurcation curve H 0 k Þ. All the bifurcation curves here involved will be analytically determined.
We have not mentioned above the 2-cycle. Indeed, it is particular. Its route is different from those of the k-cycles with k ! 3: In fact, it is not related with an unstable 2-cycle but only to the fixed point X Ã 2 . A 2-cycle can appear only via the degenerate flip bifurcation of the fixed point, crossing the curve DFB 1 , and on its turn, it becomes unstable via degenerate flip bifurcation crossing the curve DFB 2 . However, when the 2-cycle becomes unstable, a stable cycle of double period can never appear, and the resulting dynamics depend on the crossing point of the curve DFB 2 . The widest arc leads the dynamics to 4-cyclical chaotic sets; nevertheless, it is also possible to get a transition to any kind of 2 m -cyclical chaotic sets, for any m ! 2:
From the property of the function T 2 defined in D 2 , where the fixed point X Ã 2 exists, we prove that as long as the fixed point X Ã 2 is locally stable, then it is also globally attracting in the phase space Q. As remarked above, T 2 is triangular, thus any cycle of T 2 is associated with a cycle of the function
in the autonomous state variable, while the vice versa is not necessarily true. However, in our case, the simple structure of the second function Gðx n ; y n Þ ¼ ða½ða À x n Þ ð = a À 1Þ 1=l À a þ y n Þd 1=l leads to the result that also any cycle of the function F(x n ) leads to a cycle of T 2 . In fact, for any fixed value of x, say x, the function G is linear in y:
and a contraction in the y-direction, as k 2 ¼ d 1=l 2 (0,1). So, for the fixed point X Ã 2 , the eigenvalues of the Jacobian matrix DT 2 are given by
where k 2 2 (0,1) by assumption, and its associated eigenvector, the vertical line through the fixed point, is always a stable eigenspace. While the eigenvalue k 1 is negative and a bifurcation occurs to X Ã 2 when k 1 crosses, the value À1 at
Thus for a > a Ã , the fixed point X Ã 2 is globally attracting. We have now to see what occurs at the bifurcation value a ¼ a Ã . For a linear one-dimensional map, we know that the flip bifurcation occurring when k 1 crosses the value À1 is a degenerate flip bifurcation: at the bifurcation, apart from the fixed point, we have all cycles of period 2, stable but not asymptotically stable, and divergence after. This is reflected also in our triangular map T 2 . In fact, in our case, the first component F(x) is linear, so that, at the bifurcation value, we have a segment filled with 2-cycles, and, as proved above, any cycle of the function F(x) also leads to a cycle of T 2 . That is, if x 1 ; x 2 f gis a 2-cycle of F(x), then a 2-cycle
of T 2 also exists. We have so proved that the flip bifurcation occurring at the fixed point X Ã 2 is degenerate. 38 This is not a common occurrence. Moreover, in Subsection IV B, we shall see that all the attracting k-cycles of the piecewise smooth map T under study undergo only degenerate flip bifurcations.
In our case, the map T 2 is defined in the region D 2 and, at the degenerate flip bifurcation value occurring at a ¼ a Ã the whole segment [x b ,1], where x b ¼ d; is filled with 2-cycles of the linear map F(x) so that also the map T 2 must have an invariant smooth arc in the region D 2 , which is filled with 2-cycles of the map T, with x ranging in the whole segment [x b ,1] defining the region D 2 . All these 2-cycles (stable but not asymptotically stable) have a stable set on the vertical lines through the cycles. An example is shown in Fig. 4 .
We have so proved the following:
Then T has the fixed point X Ã 2 globally attracting in the state space Q. At a ¼ a Ã , a degenerate flip bifurcation occurs and an arc of invariant curve crosses the region D 2 filled with stable 2-cycles, transversely attracting.
The line of equation a ¼ 1 þ d is shown in the bifurcation diagram of Fig. 5 , in the two-dimensional parameter plane ða; dÞ. Note that due to the constraint d < d < 1, we necessarily have 1 < a < 2: We also remark that at any fixed value l > 1, the bifurcation diagram in the parameter plane ða; dÞ is the same because, as we have seen for a ¼ 1 þ d; also all the other bifurcations curves are independent of the parameter l: This will be shown in Subsection IV B, together with the description of the dynamics occurring for a < a Ã :
B. Stable k-cycles and chaos
It is clear that for a < a Ã ¼ 1 þ d, we can no longer have an attractor only in the region D 2 as points not belonging to the vertical line through the saddle fixed point X Ã 2 are necessarily mapped into the region D 1 . Thus, the model becomes really piecewise smooth: the asymptotic states are confined in the region D 1 [ D 2 , and the dynamics of the map T are described by the interaction of the two maps T 1 and T 2 . That is, for 1 < a < a Ã , our map T is determined by if ðx n ; y n Þ 2 D 1 :
However, as already remarked, also now we are dealing with a map in triangular form. In fact, map T is in the form x nþ1 ¼ Fðx n Þ, y nþ1 ¼ Gðx n ; y n Þ with the following definitions:
Thus, for this triangular map, we can appreciate the importance of the piecewise linear map F(x) in Eq. (20), which is a skewtent map with critical point in x ¼ x b . Moreover, we can reason as we have done before for the triangular map T 2 because also now the dependent function G(x, y) is linear with respect to the variable y, and k 2 ¼ ð@=@yÞGðx; yÞ ¼ d 1=l is a contraction factor. It follows that not only any cycle of T is associated with a cycle of F (which is a generic property of a triangular map) but also the vice versa holds (which is not a common occurrence), so that we have the following:
Proposition 4: Let l > 1 and 1 < a < a Ã ¼ 1 þ d: Then ðx i ; y i Þ f g i¼1;:::;k is a k-cycle of T iff x i f g i¼1;:::;k is a k-cycle of the skew-tent map F(x) given in Eq. (20) .
It is clear that this is an important result that allows us to completely describe the bifurcations occurring in our model T. In fact, now we have that any cycle of F (and related bifurcations) leads to a companion cycle of T (and In (a) , the colored regions P k denote the existence of stable k-cycles. The white region denotes chaos. In (b) are shown a few bifurcation curves, whose analytic equations are given in Sec. IV B.
related bifurcations), and the dynamic behaviors of the one-dimensional map in Eq. (20) are completely known: via the change of variables
we get the piecewise smooth system ðX nþ1 ; Y nþ1 Þ ¼ T ðX n ; Y n Þ ¼ f ðX n Þ;GðX n ; Y n Þ À Á , where
and
The function in Eq. (23) is now the skew-tent map with slopes
Þ < 0 already defined in Eq. (11), whose dynamics and bifurcation curves are recalled in Appendix A. For values of b 2 ðÀ1; 0Þ, we get the dynamics already described: the map has the fixed point on the right side (corresponding to X Ã 2 Þ globally attracting. At b ¼ À1, the degenerate flip bifurcation of the fixed point occurs. Now we can state that this bifurcation leads, for b < À1 (i.e., for a < a Ã ¼ 1 þ dÞ to a stable 2-cycle for T with one periodic point in the region D 1 and one in the region D 2 . From Appendix A, we have the explicit expression of all the stable k-cycles, which the map f(X n ) can have, and from the first equation in Eqs. (22) , via the reverse function
we get the explicit expressions for the x-coordinates of cycles for our map T in the region D 1 [ D 2 : For the 2-cycle, we have
and thus
These are the x-coordinates of the 2-cycle of f(X n ), but it is clear that we have to recover the second coordinate y of the cycle from our map T, and we obtain
The flip bifurcation of the fixed point and transition to a stable 2-cycle is shown in the one-dimensional bifurcation diagram of Fig. 6(a) , obtained at fixed d ¼ 0:4 and l ¼ 2 [see the arrow in Fig. 5(a) ], illustrating the x-variable as a function of a. We remark that while the informations related with the coordinates of the stable k-cycles are only partially covered by the one-dimensional skew-tent map in (23) (as the y-coordinate is to be determined via the two-dimensional map T), the informations associated with the bifurcations are complete. Thus, all the bifurcations occurring in Fig. 6 as well as in Fig. 5 are analytically detected. In fact, from Proposition 4, we have that the bifurcations are only those occurring in the cycles of the map in Eq. (23) . We have so proved (by using Appendix A) the following result:
The stable 2-cycle of T undergoes a degenerate flip bifurcation, at the bifurcation curve given by
which may lead to m-cyclical chaotic sets of any even period m, which undergo bifurcations, merging in pair, up to a one-piece chaotic set.
(ii)
For any k ! 3 pairs of k-cycles, one of which may be locally stable and one unstable, appear via border collision bifurcation crossing the bifurcation curve BCB k given by
which are maximal cycles; the stable one has one periodic point in D 2 and (kÀ1) points in D 1 ; the unstable one has two periodic points in D 2 and (kÀ2) points in D 1 .
(iii)
For any k ! 3 the stable k-cycle undergoes a degenerate flip bifurcation at the bifurcation curve given by Fig. 5(a) ].
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(iv) Crossing the degenerate flip bifurcation DFB k there is the appearance of 2k-cyclical chaotic sets, which merge into k-cyclical chaotic sets at the homoclinic bifurcation occurring at the bifurcation curve H k given by
which in turn merge into one-piece chaotic sets at the homoclinic bifurcation occurring at the bifurcation curve H 0 k given by
The shape of the periodicity region P k with stable k-cycles is shown in Fig. 5 . In Fig. 5(b) are reported a few bifurcation curves determined analytically via the equations given above. We can see that fixing any value of d; as a decreases from a Ã ¼ 1 þ d; a finite number of periodicity regions are crossed, and the lower is the d, the higher the number of periodicity regions that are crossed. One transition is showed in Fig. 6 . In Fig. 6(a) , we can see that the bifurcation of the 2-cycle is followed by chaotic sets, 4-cyclical first, then 2-cyclical, and then in one piece. In the enlargement of Fig. 6(b) , we can see the stable k-cycles, for k ¼ 3, 4, 5, and 6, which are appearing via border collision from a chaotic set as a decreases, and all are followed by the same kind of route: 2k-cyclical chaotic sets, then k-cyclical chaotic sets and a chaotic set in one piece, at the homoclinic bifurcation values determined in Proposition 5.
Also fixing a value of a and increasing the parameter d, a finite number of periodicity regions may be crossed. A route to chaos associated with the 2-cycle at fixed value of a and increasing the parameter d is illustrated in Fig. 7 . Figure  7 (a) shows the degenerate flip bifurcation of the 2-cycle, which is followed by the transition to four-piece, two-piece, and one-piece chaotic attractors for the map T.
The occurrences of a six-piece chaotic attractor following the degenerate flip bifurcation of the stable 3-cycle is shown in Fig. 8 . Now we prove that, due to the linearity of the function T 1 , we can also explicitly determine the coordinates of the maximal k-cycles, for any k ! 3, appearing in pairs via border collision bifurcation (at the bifurcation BCB k given in Proposition 5), one of which may be locally stable while one is necessarily unstable. It is clear that the x-coordinates can be obtained via the equations given in Appendix A and converting them to the original coordinates, by using the inverse function given in Eq. (26) . Then, we have to find the y-coordinates of the k-cycles, which depend on the function T k ðx n ; y n Þ. In order to find one periodic point of such cycles, we consider the one that is closest to the switching value 
By simple computations we have, for any n ! 1,
and the composite functions of T k that we need are explicitly given as follows:
So, by using the expressions in Eqs. (39) and (40), we have the following: Proposition 6: Let l > 1 and 1 < a < a Ã ¼ 1 þ d: Then for any k ! 3, the coordinates of the k-cycles appearing via border collision bifurcation crossing the bifurcation curve BCB k are given by 
V. CONCLUSIONS
In this work, we have considered the bifurcations occurring in a two-dimensional piecewise smooth map describing a circuit proposed in Sec. II as chaos generator. The original results are given in Secs. III and IV, where we have shown how the system is topologically conjugate to one having a particular triangular structure, whose dynamics (characterizing one of the state variables) are strictly related with the piecewise smooth one-dimensional skew-tent map. This particular structure of the model leads to the analytical description of the bifurcation curves, which correspond to border collision bifurcations and to homoclinic bifurcations involving maximal cycles. A peculiarity of the piecewise smooth map is the occurrence of only degenerate flip bifurcations and the direct transition to a robust chaotic regime, which can change in structure only via the cyclic chaotic components. These transitions are due to homoclinic bifurcations, which are also analytically determined. The system here investigated is only a particular case of the circuit described in Sec. II, and we have seen that the dynamics lead to robust chaos. Together with the other particular case, considered in Ref. 28 , we are confident that these results are of some help in the analysis of the general case, i.e., of map M defined in Sec. II, in which the parameter q is not fixed (here taken equal to 1). In the general model, we obtain more complicated bifurcation structures, as shown in Fig. 9 at q ¼ 0:95. However, a similarity exists with the phase space of the particular model considered in this work. We leave the analysis of the bifurcations of the general circuit for further studies, for which the present work may be of some help.
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APPENDIX A: SKEW-TENT MAP
In this appendix, we recall the bifurcations curves of the 1D piecewise linear map f given by two linear functions and defined as f :
where a, b are real parameters with 0 < a < 1 and b < 0, the so-called skew-tent map, because we are interested in these values via the parameters of our map as given in Eq. (11):
The case here considered, increasing=decreasing with maximum in 1, is topologically conjugate to the case decreasing=increasing with minimum in À1 as considered for example in Ref. 32 , from which we recall here some results
[to be used in our map in Eq. (11)], noticing that the rich dynamics in this range have already been studied by many authors (see, e.g., Refs. 33, 34, 15, 14, and 35). The critical point x ¼ 0 is the point of maximum, and the absorbing interval I is given by I ¼ f 2 ð0Þ; f ð0Þ ½ ¼ b þ 1; 1 ½ . For a < 1, f has a unique fixed point x Ã R ¼ 1=ð1 À bÞ > 0; which is globally attracting for b > À1 and repelling for b < À1. The degenerate flip bifurcation of x Ã R at b ¼ À1 leads to an attracting 2-cycle having one periodic point in x < 0 and one in x > 0.
In Fig. 10 , it is shown the two-dimensional bifurcation diagram of the (a, b)-parameter plane in the interesting region.
When the fixed point x Ã R is unstable, the map f can have an attracting cycle q k of any period k ! 2, as well as cyclical chaotic intervals Q k of any period k ! 1: Let us first describe the routes associated with the cycles of period k ! 3. We shall describe below the effects of the degenerate flip bifurcation of the 2-cycle.
The cycles having period k ! 3 (also called principal cycles or maximal cycles) appear in pairs, one stable q k (with the symbolic sequence RL kÀ1 ) and one unstable q 0 k (with the symbolic sequence R 2 L kÀ2 ). In Fig. 10 , we can see that the curve BCB 3 corresponds to the "saddle-node" BCB, which gives rise to the attracting cycle q 3 and the repelling cycle q 0 3 : The right boundary of the stability region Pðq k Þ of q 3 is the curve DFB 3 corresponding to the degenerate flip bifurcation of the attracting cycle q 3 , which becomes repelling, leading to cyclical chaotic intervals of double period, Q 6 . All these cycles of period k ! 3 undergo the same bifurcation sequence (increasing a), that is, the degenerate flip bifurcation q k ) Q 2k is followed by the transitions of cyclical chaotic intervals Q 2k ) Q k ) Q 1 . The boundary between the region Q 2k and the region Q k is the curve H k corresponding to the first homoclinic bifurcation of the cycle q k , while the right boundary of the region Q k is the curve H 0 k related to the first homoclinic bifurcation of the cycle q 0 k ; leading to a onepiece chaotic interval Q 1 ¼ I ¼ b þ 1; 1 ½ : In the portion of the parameter plane shown in Fig. 10 , only the stability region of the cycle q 3 is observable, but in the strip a 2 ð0; 0:5Þ, all the regions Pðq k Þ exist where k ! 1 as b tends to À 1: The bifurcation curves can be detected analytically using the coordinates of the points of the cycles.
In order to find the periodic points of such cycles, we consider the periodic point that is closest to zero on the right side. So, the periodic point 
Thus, the stability region of the cycle q k is given by ða; bÞ 2 Pðq k Þ, where 
